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Abstract. In this paper, we deal with a generalization of the geometry
of parallelizable manifolds, or the absolute parallelism (AP-) geometry, in the context
of generalized Lagrange spaces. All geometric objects defined in this geometry are
not only functions of the positional argument x, but also depend on the directional
argument y. In other words, instead of dealing with geometric objects defined on the
manifold M , as in the case of classical AP-geometry, we are dealing with geometric
objects in the pullback bundle π−1(TM) (the pullback of the tangent bundle TM by
π : TM −→M). Many new geometric objects, which have no counterpart in the clas-
sical AP-geometry, emerge in this more general context. We refer to such a geometry
as generalized AP-geometry (GAP-geometry). In analogy to AP-geometry, we define
a d-connection in π−1(TM) having remarkable properties, which we call the canon-
ical d-connection, in terms of the unique torsion-free Riemannian d-connection. In
addition to these two d-connections, two more d-connections are defined, the dual and
the symmetric d-connections. Our space, therefore, admits twelve curvature tensors
(corresponding to the four defined d-connections), three of which vanish identically.
Simple formulae for the nine non-vanishing curvatures tensors are obtained, in terms
of the torsion tensors of the canonical d-connection. The differentW -tensors admitted
by the space are also calculated. All contractions of the h- and v-curvature tensors
and the W -tensors are derived. Second rank symmetric and skew-symmetric tensors,
which prove useful in physical applications, are singled out. This paper, however, is
not an end in itself, but rather the beginning of a research direction. The physical
interpretation of the geometric objects in the GAP-space that have no counterpart
in the classical AP-space will be further investigated in forthcoming papers. 1
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1. Introduction
The geometry of parallelizable manifolds or the absolute parallelism geometry
(AP-geometry) ([5], [10], [14], [15]) has many advantages in comparison to Rieman-
nian geometry. Unlike Riemannian geometry, which has ten degrees of freedom (cor-
responding to the metric components for n = 4), AP-geometry has sixteen degrees of
freedom (corresponding to the number of components of the four vector fields defin-
ing the parallelization). This makes AP-geometry a potential candidate for describing
physical phenomena other than gravity. Moreover, as opposed to Riemannian geome-
try, which admits only one symmetric linear connection, AP-geometry admits at least
four natural (built-in) linear connections, two of which are non-symmetric and three
of which have non-vanishing curvature tensors. Last, but not least, associated with
an AP-space, there is a Riemannian structure defined in a natural way. Thus, AP-
geometry contains within its geometrical structure all the mathematical machinary
of Riemannian geometry. Accordingly, a comparison between the results obtained
in the context of AP-geometry and general relativity, which is based on Riemannian
geometry, can be carried out.
In this paper, we study AP-geometry in the wider context of a generalized
Lagrange space ([7], [9], [11], [12]). All geometric objects defined in this space are
not only functions of the positional argument x, but also depend on the directional
argument y. In other words, instead of dealing with geometric objects defined on
the manifold M , as in the case of classical AP-space, we are dealing with geometric
objects in the pullback bundle π−1(TM) (the pullback of the tangent bundle TM
by the projection π : TM −→ M) [1]. Many new geometric objects, which have no
counterpart in the classical AP-space, emerge in this more general context. We refer
to such a space as a d-parallelizable manifold or a generalized absolute parallelism
space (GAP-space).
The paper is organized in the following manner. In section 2, following the
introduction, we give a brief account of the basic concepts and definitions that will
be needed in the sequel, introducing the notion of a non-linear connection Nαµ . In
section 3, we consider an n-dimensional d-parallelizable manifold M ([2], [11]) on
which we define a metric in terms of the n independent π-vector fields
i
λ defining the
parallelization on π−1(TM). Thus, our parallelizable manifold becomes a generalized
Lagrange space, which is a generalization of the classical AP-space. We then define
the canonical d-connection D, relative to which the h- and v-covariant derivatives of
the vector fields
i
λ vanish. We end this section with a comparison between the classical
AP-space and the GAP-space. In section 4, commutation formulae are recalled and
some identities obtained. We then introduce, in analogy to the AP-space, two other
d-connections: the dual d-connection and the symmetric d-connection. The nine non-
vanishing curvature tensors, corresponding to the dual, symmetric and Riemannian
d-connections are then calculated, expressed in terms of the torsion tensors of the
canonical d-connection. In section 5, a summary of the fundamental symmetric and
skew symmetric second rank tensors is given, together with the symmetric second rank
tensors of zero trace. In section 6, all possible contractions of the h- and v- curvature
tensors are obtained and the contracted curvature tensors are expressed in terms
of the fundamental tensors given in section 5. In section 7, we study the different
W -tensors corresponding to the different d-connections defined in the space, again
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expressed in terms of the torsion tensors of the canonical d-connection. Contractions
of the different W -tensors and the relations between them are then derived. Finally,
we end this paper by some concluding remarks.
2. Fundamental Preliminaries
Let M be a differential manifold of dimension n of class C∞. Let π : TM → M
be its tangent bundle. If (U, xµ) is a local chart on M , then (π−1(U), (xµ, yµ)) is
the corresponding local chart on TM . The coordinate transformation law on TM is
given by:
xµ
′
= xµ
′
(xν), yµ
′
= pµ
′
ν y
ν,
where pµ
′
ν =
∂xµ
′
∂xν
and det(pµ
′
ν ) 6= 0.
Definition 2.1. A non-linear connection N on TM is a system of n2 functions
Nαβ (x, y) defined on every local chart π
−1(U) of TM which have the transformation
law
Nα
′
β′ = p
α′
α p
β
β′N
α
β + p
α′
ǫ p
ǫ
β′σ′y
σ′, (2.1)
where pǫβ′σ′ =
∂pǫ
β′
∂xσ
′ = ∂
2xǫ
∂xβ
′
∂xσ
′ .
The non-linear connection N leads to the direct sum decomposition
Tu(TM) = Hu(TM)⊕ Vu(TM), ∀ u ∈ TM = TM \ {0},
where Hu(TM) is the horizontal space at u associated with N supplementary to the
vertical space Vu(TM). If δµ := ∂µ −N
α
µ ∂˙α, where ∂µ :=
∂
∂xµ
, ∂˙µ :=
∂
∂yµ
, then (∂˙µ) is
the natural basis of Vu(TM) and (δµ) is the natural basis of Hu(TM) adapted to N .
Definition 2.2. A distinguished connection (d-connection) on M is a triplet D =
(Nαµ ,Γ
α
µν , C
α
µν), where N
α
µ (x, y) is a non-linear connection on TM and Γ
α
µν(x, y) and
Cαµν(x, y) transform according to the following laws:
Γα
′
µ′ν′ = p
α′
α p
µ
µ′p
ν
ν′Γ
α
µν + p
α′
ǫ p
ǫ
µ′ν′, (2.2)
Cα
′
µ′ν′ = p
α′
α p
µ
µ′p
ν
ν′C
α
µν . (2.3)
In other words, Γαµν transform as the coefficients of a linear connection, whereas C
α
µν
transform as the components of a tensor.
Definition 2.3. The horizontal (h-) and vertical (v-) covariant derivatives with re-
spect to the d-connection D (of a tensor field Aαµ) are defined respectively by:
Aαµ|ν := δνA
α
µ + A
ǫ
µΓ
α
ǫν − A
α
ǫ Γ
ǫ
µν ; (2.4)
Aαµ||ν := ∂˙νA
α
µ + A
ǫ
µC
α
ǫν −A
α
ǫ C
ǫ
µν . (2.5)
Definition 2.4. A symmetric and non-degenerate tensor field gµν(x, y) of type (0, 2)
is called a generalized Lagrange metric on the manifold M . The pair (M, g) is called
a generalized Lagrange space.
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Definition 2.5. Let (M, g) be a generalized Lagrange space equipped with a non-linear
connection Nαµ . Then a d -connection D = (N
α
µ ,Γ
α
µ,ν , C
α
µν) is said to be metrical with
respect to g if
gµν|α = 0, gµν||α = 0. (2.6)
The following remarkable result was proved by R. Miron [8]. It guarantees the
existence of a unique torsion-free metrical d-connection on any generalized Lagrange
space equipped with a non-linear connection. More precisely:
Theorem 2.6. Let (M, g) be a generalized Lagrange space. Let Nαµ be a given non-
linear connection on TM . Then there exists a unique metrical d-connection
◦
D =
(Nαµ ,
◦
Γαµν ,
◦
Cαµν) such that
◦
Λαµν :=
◦
Γαµν −
◦
Γανµ = 0 and
◦
T αµν :=
◦
Cαµν −
◦
Cανµ = 0. This
d-connection is given by Nαµ and the generalized Christoffel symbols:
◦
Γαµν =
1
2
gαǫ(δµgνǫ + δνgµǫ − δǫgµν), (2.7)
◦
Cαµν =
1
2
gαǫ(∂˙µgνǫ + ∂˙νgµǫ − ∂˙ǫgµν). (2.8)
This connection will be referred to as the Riemannian d-connection.
3. d-Parallelizable manifolds (GAP-spaces)
The Riemannian d-connection mentioned in Theorem 2.6 plays the key role in our
generalization of the AP-space, which, as will be revealed, appears natural. However,
it is to be noted that the close resemblance of the two spaces is deceptive; as they are
similar in form. However, the extra degrees of freedom in the generalized AP-space
makes it richer in content and different in its geometric structure (see Remark 3.6).
We start with the concept of d-parallelizable manifolds.
Definition 3.1. An n-dimensional manifold M is called d-parallelizable, or general-
ized absolute parallelism space (GAP-space), if the pull-back bundle π−1(TM) admits
n global linearly independent sections (π-vector fields)
i
λ(x, y), i = 1, ..., n.
If
i
λ = (
i
λα), α = 1, ..., n, then
i
λα
i
λβ = δ
α
β ,
i
λα
j
λα = δij , (3.1)
where (
i
λ α) denotes the inverse of the matrix (
i
λα).
Einstein summation convention is applied on both Latin (mesh) indices and Greek
(world) indices, where all Latin indices are written in a lower position.
In the sequel, we will simply use the symbol λ (without a mesh index) to denote
any one of the vector fields
i
λ (i = 1, ..., n) and in most cases, when mesh indices
appear they will be in pairs, meaning summation.
We shall often use the expression GAP-space (resp. GAP-geometry) instead of
d-parallelizable manifold (resp. geometry of d-parallelizable manifolds) for its typo-
graphical simplicity.
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Theorem 3.2. A GAP-space is a generalized Lagrange space.
In fact, the covariant tensor field gµν(x, y) of order 2 given by
gµν(x, y) :=
i
λµ
i
λν , (3.2)
defines a metric in the pull-back bundle π−1(TM) with inverse given by
gµν(x, y) =
i
λµ
i
λν (3.3)
Assume that M is a GAP-space equipped with a non-linear connection Nαµ . By
Theorem 2.6, there exists on (M, g) a unique torsion-free metrical d-connection
◦
D =
(Nαµ ,
◦
Γαµν ,
◦
Cαµν) (the Riemannian d-connection). We define another d-connection D =
(Nαµ ,Γ
α
µν , C
α
µν) in terms of
◦
D by:
Γαµν :=
◦
Γαµν +
i
λα
i
λµ o
|
ν , (3.4)
Cαµν :=
◦
Cαµν +
i
λα
i
λµ o
||
ν . (3.5)
Here, “ o
|
” and “ o
||
” denote the h- and v-covariant derivatives with respect to the Rie-
mannian d-connection
◦
D. If “ | ” and “ || ” denote the h- and v-covariant derivatives
with respect to the d-connection D, then
λα|µ = 0, λ
α
||µ = 0. (3.6)
This can be shown as follows: λα|µ = δµλ
α + λǫΓαǫµ = δµλ
α + λǫ(
◦
Γαǫµ +
j
λα
j
λǫ o
|
µ) =
(δµλ
α + λǫ
◦
Γαǫµ) −
j
λα o
|
µ(
i
λǫ
j
λǫ) = 0. In exactly the same way, it can be shown that
λα||µ = 0. Hence, we obtain the following
Theorem 3.3. Let (M,
i
λ(x, y)) be a GAP-space equipped with a non-linear con-
nection Nαµ . There exists a unique d-connection D = (N
α
µ ,Γ
α
µν , C
α
µν), such that
λα|µ = λ
α
||µ = 0. This connection is given by N
α
β , (3.4) and (3.5). Consequently, D
is metrical: gµν|σ = gµν||σ = 0.
This connection will be referred to as the canonical d-connection.
It is to be noted that relations (3.6) are in accordance with the classical AP-
geometry in which the covariant derivative of the vector fields λ with respect to the
canonical connection Γαµν =
i
λα(∂ν
i
λµ) vanishes [15].
Theorem 3.4. Let (M,
i
λ(x, y)) be a d-parallelizable manifold equipped with a non-
linear connection Nαµ . The canonical d-connection D = (N
α
µ ,Γ
α
µν , C
α
µν) is explicitly
expressed in terms of λ in the form
Γαµν =
i
λα(δν
i
λµ), C
α
µν =
i
λα(∂˙ν
i
λµ). (3.7)
Proof. Since λα|ν = 0, we have δνλ
α = −λǫ Γαǫν . Multiplying both sides by λµ,
taking into account the fact that
i
λα
i
λµ = δ
α
µ , we get Γ
α
µν = −
i
λµ(δν
i
λα) =
i
λα(δν
i
λµ).
The proof of the second relation is exactly similar and we omit it. 
It is to be noted that the components of the canonical d-connection are similar
in form to the components of the canonical connection in the classical AP-context
[15], noting that ∂ν is replaced by δν (for the h-counterpart) and by ∂˙ν (for the
v-counterpart) respectively (See Table 1). The above expressions for the canonical
connection seem therefore like a natural generalization of the classical AP case.
By (3.4) and (3.5), in view of the above theorem, we have the following
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Corollary 3.5. The Reimannian d-connection
◦
D = (Nαµ ,
◦
Γαµν ,
◦
Cαµν) is explicitely
expressed in terms of
i
λ in the form
◦
Γαµν =
i
λα(δν
i
λµ −
i
λµ o
|
ν),
◦
Cαµν =
i
λα(∂˙ν
i
λµ −
i
λµ o
||
ν). (3.8)
Remark 3.6. As a result of the dependence of λ on the velocity vector y, the n3
functions
i
λα(∂ν
i
λµ), as opposed to the classical AP-space, do not transform as the
coefficients of a linear connection, but transform according to the rule
i
λα
′
(∂ν′
i
λµ′) = p
α′
α p
µ
µ′p
ν
ν′
i
λα(∂ν
i
λµ) + p
α′
ǫ p
ǫ
µ′ν′ + p
α′
α p
µ
µ′p
ν
ν′ǫ′y
ǫ′Cαµν . (3.9)
Similarily, it can be shown that, in general, tensors in the context of the classical
AP-space do not transform like tensors in the wider context of the GAP-space; their
dependence on the velocity vector y spoils their tensor character. In other words,
tensors in the classical AP-context do not necessarily behave like tensors when they
are regarded as functions of position x and velocity vector y. This means that though
the classical AP-space and the GAP-space appear similar in form, they differ radically
in their geometric structures.
We now introduce some tensors that will prove useful later on. Let
γαµν :=
i
λα
i
λµ o
|
ν = Γ
α
µν −
◦
Γαµν , G
α
µν :=
i
λα
i
λµ o
||
ν = C
α
µν −
◦
Cαµν . (3.10)
In analogy to the AP-space, we refer to γαµν and G
α
µν as the h- and v-contortion tensors
respectively.
Let
Λαµν := Γ
α
µν − Γ
α
νµ = γ
α
µν − γ
α
νµ. (3.11)
be the torsion tensor of the canonical connection Γαµν and
Ωαµν := γ
α
µν + γ
α
νµ. (3.12)
Similarly, let
T αµν := C
α
µν − C
α
νµ = G
α
µν −G
α
νµ (3.13)
be what we may call the torsion tensor of Cαµν and
Dαµν := G
α
µν +G
α
νµ. (3.14)
Now, if γσµν := gǫσγ
ǫ
µν and Gσµν := gǫσG
ǫ
µν , then γσµν and Gσµν are skew symmetric
in the first pair of indices. This, in turn, implies that
γǫǫν = G
ǫ
ǫν = 0. (3.15)
Hence, if
βµ := γ
ǫ
µǫ, Bµ := G
ǫ
µǫ,
then
Λǫµǫ = γ
ǫ
µǫ = βµ, T
ǫ
µǫ = G
ǫ
µǫ = Bµ. (3.16)
Finally, it can be shown, in analogy to the classical AP-space [3], that the contortion
tensors γµνσ and Gµνσ can be expressed in terms of the torsion tensors in the form
γµνσ =
1
2
(Λµνσ + Λσνµ + Λνσµ) (3.17)
Gµνσ =
1
2
(Tµνσ + Tσνµ + Tνσµ), (3.18)
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where Λµνσ := gǫµΛ
ǫ
νσ and Tµνσ := gǫµT
ǫ
νσ. It is clear by (3.11), (3.13), (3.17) and
(3.18) that the torsion tensors vanish if and only if the contortion tensors vanish.
The next table gives a comparison between the fundamental geometric objects
in the classical AP-geometry and the GAP-geometry. Similar objects of the two
spaces will be denoted by the same symbol. As previously mentioned, “h” stands for
“horizontal” whereas “v” stands for “vertical”.
Table 1: Comparison between the classical AP-geometry and the
GAP-geometry
Classical AP-geometry GAP-geometry
Building blocks λα(x) λα(x, y)
Metric gµν(x) =
i
λµ(x)
i
λν(x) gµν(x, y) =
i
λµ(x, y)
i
λν(x, y)
Riemannian connection
◦
Γα
µν
= 12g
αǫ{∂µgνǫ + ∂νgµǫ + ∂ǫgµν}
◦
Γα
µν
= 12g
αǫ{δµgνǫ + δνgµǫ + δǫgµν} (h)
◦
Cα
µν
= 12g
αǫ{∂˙µgνǫ + ∂˙νgµǫ + ∂˙ǫgµν} (v)
Canonical connection Γαµν =
i
λα(∂ν
i
λµ) Γ
α
µν =
i
λα(δν
i
λµ) (h-counterpart)
Cαµν =
i
λα(∂˙ν
i
λµ) (v-counterpart)
AP-condition λα|µ = 0 λ
α
|µ = 0 (h-covariant derivative)
λα||µ = 0 (v-covariant derivative)
Torsion Λαµν = Γ
α
µν − Γ
α
νµ Λ
α
µν = Γ
α
µν − Γ
α
νµ (h-counterpart)
T αµν = C
α
µν − C
α
νµ (v-counterpart)
Contorsion γαµν = Γ
α
µν −
◦
Γαµν γ
α
µν = Γ
α
µν −
◦
Γανµ (h-counterpart)
Gαµν = C
α
µν −
◦
Cαµν (v-counterpart)
Basic vector βµ = Λ
α
µα = γ
α
µα βµ = Λ
α
µα = γ
α
µα (h-counterpart)
Bµ = T
α
µα = G
α
µα (v-counterpart)
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4. Curvature tensors in Generalized AP-space
Owing to the existence of two types of covariant derivatives with respect to the
canonical connection D, we have essentially three commutation formulae and conse-
quently three curvature tensors.
Lemma 4.1. Let [δσ, δµ] := δσδµ − δµδσ and let [δσ, ∂˙µ] be similarly defined. Then
[δσ, δµ] = R
ǫ
σµ ∂˙ǫ, [δσ, ∂˙µ] = (∂˙µN
ǫ
σ) ∂˙ǫ, (4.1)
where Rασµ := δµN
α
σ − δσN
α
µ is the curvature tensor of the non-linear connection N
α
µ .
Theorem 4.2. The three commutation formulae of
i
λα corresponding to the canonical
connection D = (Nαµ ,Γ
α
µν , C
α
µν) are given by
(a) λα|µσ − λ
α
|σµ = λ
ǫRαǫµσ + λ
α
|ǫΛ
ǫ
σµ + λ
α
||ǫR
ǫ
σµ
(b) λα||µσ − λ
α
||σµ = λ
ǫSαǫµσ + λ
α
||ǫ T
ǫ
σµ
(c) λα||µ|σ − λ
α
|σ||µ = λ
ǫP αǫµσ + λ
α
|ǫC
ǫ
σµ + λ
α
||ǫ P
ǫ
σµ,
where
Rανµσ : = (δσΓ
α
νµ − δµΓ
α
νσ) + (Γ
ǫ
νµΓ
α
ǫσ − Γ
ǫ
νσΓ
α
ǫµ) + L
α
νµσ, (h-curvature)
Sανµσ : = ∂˙σC
α
νµ − ∂˙µC
α
νσ + C
ǫ
νµC
α
ǫσ − C
ǫ
νσC
α
ǫµ, (v-curvature)
P ανµσ : = C
α
νµ|σ − ∂˙µΓ
α
νσ − P
ǫ
σµC
α
νǫ, (hv-curvature)
given that Lανµσ := C
α
νǫR
ǫ
µσ and P
ν
σµ := ∂˙µN
ν
σ − Γ
ν
µσ.
A direct consequence of the above commutation formulae, together with the fact
that λα|µ = λ
α
||µ = 0, is the following
Corollary 4.3. The three curvature tensors Rανµσ, S
α
νµσ and P
α
νµσ of the canonical
connection D = (Nαµ ,Γ
α
µν , C
α
µν) vanish identically.
It is to be noted that the above result is a natural generalization of the corre-
sponding result of the classical AP-geometry [15].
The Bianchi identities [4] for the canonical d-connection (Nαµ ,Γ
α
µν , C
α
µν) gives
Proposition 4.4. The following identities hold
(a) Sν,µ,σΛ
α
νµ|σ = Sν,µ,σ(Λ
α
µǫΛ
ǫ
νσ + L
α
µνσ)
(b) Sν,µ,σT
α
νµ||σ = Sν,µ,σ(T
α
µǫT
ǫ
νσ),
where Sν,µ,σ denotes a cyclic permutation on ν, µ, σ.
Corollary 4.5. The following identities hold:
(a) Λǫµν|ǫ = βµ|ν − βν|µ + βǫΛ
ǫ
µν +Sǫ,ν,µL
ǫ
ǫνµ.
(b) T ǫµν||ǫ = Bµ||ν −Bν||µ +BǫT
ǫ
µν ,
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Proof. Both identities follow by contracting the indices α and σ in the identities
(a) and (b) of Proposition 4.4, taking into account that βµ = Λ
ǫ
µǫ, Bµ = T
ǫ
µǫ and
Lαµνσ = −L
α
µσν . 
In addition to the Riemannian and the cannonical d-connections, our space
admits at least two other natural d-connections. In analogy to the classical AP-space,
we define the dual d-connection D˜ = (Nαµ , Γ˜
α
µν , C˜
α
µν) by
Γ˜αµν := Γ
α
νµ, C˜
α
µν := C
α
νµ (4.2)
and the symmetric d−connection D̂ = (Nαµ , Γ̂
α
µν , Ĉ
α
µν) by
Γ̂αµν :=
1
2
(Γαµν + Γ
α
νµ), Ĉ
α
µν :=
1
2
(Cαµν + C
α
νµ). (4.3)
Covariant differentiation with respect to Γ˜αµν and Γ̂
α
µν will be denoted by “ |˜ ” and “ |̂ ”
respectively.
Now, corresonding to each of the four d-connections there are three curvature
tensors. Therefore, we have a total of twelve curvature tensors three of which, as
already mentioned, vanish identically. The vanishing of the curvature tensors of
the canonical d-connection allows us to express, in a relatively compact form, six of
the other curvature tensors (the h- and v-curvature tensors) corresponding to the
Riemannian, symmetric and the dual d-connections. These curvature tensors are
expressed in terms of the torsion tensors Λαµν , T
α
µν and their covariant derivatives with
respect to the canonical d-connection, together with the curvature Rαµν of the non-
linear connection Nαµ . The other three hv-curvature tensors are calculated, though
their expressions are more complicated. This is to be expected since the expression
obtained for the hv-curvature tensor of the canonical d-connection lacks the symmetry
properties enjoyed by the h- and v-curvature tensors.
Theorem 4.6. The h-, v- and hv-curvature tensors of the dual d-connection D˜ =
(Nαµ , Γ˜
α
µν , C˜
α
µν) can be expressed in the form:
(a) R˜αµσν = Λ
α
σν|µ + C
α
ǫµR
ǫ
σν + L
α
σνµ + L
α
νµσ.
(b) S˜αµσν = T
α
σν||µ.
(c) P˜ ανµσ = T
α
µν|σ − Λ
α
σν||µ + T
ǫ
µνΛ
α
σǫ − T
α
µǫΛ
ǫ
σν − Λ
α
ǫνC
ǫ
σµ − P
ǫ
σµT
α
ǫν .
The corresponding curvature tensors of the symmetric d-connection D̂ = (Nαµ , Γ̂
α
µν , Ĉ
α
µν)
can be expressed in the form:
(d) R̂αµσν =
1
2
(Λαµν|σ − Λ
α
µσ|ν) +
1
4
(ΛǫµνΛ
α
σǫ − Λ
ǫ
µσΛ
α
νǫ) +
1
2
(ΛǫσνΛ
α
ǫµ) +
1
2
(T αǫµR
ǫ
σν).
(e) Ŝαµσν =
1
2
(T αµν||σ − T
α
µσ||ν) +
1
4
(T ǫµνT
α
σǫ − T
ǫ
µσT
α
νǫ) +
1
2
(T ǫσνT
α
ǫµ).
(f) P̂ ανµσ =
1
2
(Λαµν|σ − Λ
α
σν||µ) +
1
4
ΛǫσµT
α
ǫν −
1
2
ΛαǫνC
ǫ
σµ +
1
4
Sµ,ν,σΛ
ǫ
µνΛ
α
σǫ −
1
2
P ǫσµT
α
ǫν.
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The corresponding curvature tensors of the Riemannian d-connection
◦
D = (Nαµ ,
◦
Γαµν ,
◦
Cαµν)
can be expressed in the form
(g)
◦
Rαµσν = γ
α
µν|σ − γ
α
µσ|ν + γ
ǫ
µσγ
α
ǫν − γ
ǫ
µνγ
α
ǫσ + γ
α
µǫΛ
ǫ
νσ +G
α
µǫR
ǫ
νσ.
(h)
◦
Sαµσν = G
α
µν||σ −G
α
µσ||ν +G
ǫ
µσG
α
ǫν −G
ǫ
µνG
α
ǫσ +G
α
µǫT
ǫ
νσ.
(i)
◦
Pανµσ = ∂˙uγ
α
νσ −G
α
νµ|σ + (G
ǫ
νµ − C
ǫ
νµ)γ
α
ǫσ − (G
α
ǫµ − C
α
ǫµ)γ
ǫ
νσ + P
ǫ
σµG
α
νǫ.
Proof. We prove (a) and (c) only. The proof of the other parts is similar.
(a) We have
R˜αµσν = δν Γ˜
α
µσ − δσΓ˜
α
µν + Γ˜
ǫ
µσΓ˜
α
ǫν − Γ˜
ǫ
µν Γ˜
α
ǫσ + C˜
α
µǫR
ǫ
σν
= δνΓ
α
σµ − δσΓ
α
νµ + Γ
ǫ
σµΓ
α
νǫ − Γ
ǫ
νµΓ
α
σǫ + C
α
ǫµR
ǫ
σν
= {δνΓ
α
σµ + Γ
ǫ
σµ(Λ
α
νǫ + Γ
α
ǫν)} − {δσΓ
α
νµ + Γ
ǫ
νµ(Λ
α
σǫ + Γ
α
ǫσ)}
+ CαǫµR
ǫ
σν
= (δνΓ
α
σµ + Γ
ǫ
σµΓ
α
ǫν)− (δσΓ
α
νµ + Γ
ǫ
νµΓ
α
ǫσ)− (Γ
ǫ
σµΛ
α
ǫν + Γ
ǫ
νµΛ
α
σǫ)
+ CαǫµR
ǫ
σν
= (Rασµν − C
α
σǫR
ǫ
µν + δµΓ
α
σν + Γ
ǫ
σνΓ
α
ǫµ)− (R
α
νµσ − C
α
νǫR
ǫ
µσ
+ δµΓ
α
νσ + Γ
ǫ
νσΓ
α
ǫµ)− (Γ
ǫ
σµΛ
α
ǫν + Γ
ǫ
νµΛ
α
σǫ) + C
α
ǫµR
ǫ
σν .
= δµΛ
α
σν + Γ
α
ǫµΛ
ǫ
σν − Γ
ǫ
σµΛ
α
ǫν − Γ
ǫ
νµΛ
α
σǫ + C
α
ǫµR
ǫ
σν + C
α
σǫR
ǫ
νµ + C
α
νǫR
ǫ
µσ
= Λασν|µ + C
α
ǫµR
ǫ
σν + L
α
σνµ + L
α
νµσ.
(c) We have
P˜ ανµσ = C
α
µνe|σ
− ∂˙µΓ
α
σν − (∂˙µN
ǫ
σ − Γ
ǫ
σµ)C
α
ǫν
= Cανµ|σ + (C
α
µνe|σ
− Cανµ|σ)− ∂˙µΛ
α
σν − ∂˙µΓ
α
νσ − ∂˙µN
ǫ
σ(T
α
ǫν + C
α
νǫ)
+ (Λǫσµ + Γ
ǫ
µσ)(T
α
ǫν + C
α
νǫ)
= P ανµσ − (∂˙µN
ǫ
σ − Γ
ǫ
µσ)T
α
ǫν − ∂˙µΛ
α
σν + Λ
ǫ
σµC
α
ǫν + (C
α
µνe|σ
− Cανµ|σ)
= (Cα
µνe|σ
− Cανµ|σ) + Λ
ǫ
σµC
α
ǫν − ∂˙µΛ
α
σν − P
ǫ
σµT
α
ǫν
= T αµν|σ + C
ǫ
µνΛ
α
σǫ − C
α
µǫΛ
ǫ
σν − ∂˙µΛ
α
σν − P
ǫ
σµT
α
ǫν
= T αµν|σ − ∂˙µΛ
α
σν + (T
ǫ
µν + C
ǫ
νµ)Λ
α
σǫ − (T
α
µǫ + C
α
ǫµ)Λ
ǫ
σν − P
ǫ
σµT
α
ǫν
= T αµν|σ − Λ
α
σν||µ + T
ǫ
µνΛ
α
σǫ − T
α
µǫΛ
ǫ
σν − Λ
α
ǫνC
ǫ
σµ − P
ǫ
σµT
α
ǫν . 
5. Fundamental second rank tensors
Due to the importance of second order symmetric and skew-symmetric tensors
in physical applications, we here list such tensors in Table 2 below. We regard these
tensors as fundamental since their counterparts in the classical AP-context play a
key role in physical applications. Moreover, in the AP-geometry, most second rank
tensors which have physical significance can be expressed as a linear combination
of these fundamental tensors. The Table is constructed as similar as possible to
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that given by Mikhail (cf. [5], Table 2), to facilitate comparison with the case of
the classical AP-geometry which has many physical applications [14]. Correspond-
ing “horizontal” and “vertical” tensors are denoted by the same symbol with the
“vertical” tensors barred. It is to be noted that all “vertical ” tensors have no coun-
terpart in the classical AP-context.
Table 2: Summary of the fundamental symmetric and skew-symmetric
second rank tensors
Horizontal Vertical
Skew-Symmetric Symmetric Skew-Symmetric Symmetric
ξµν := γµν
α
|α øξµν := Gµν
α
|α
γµν := βαγµν
α øγµν := BαGµν
α
ηµν := βǫ Λ
ǫ
µν φµν := βǫ Ω
ǫ
µν øηµν := Bǫ T
ǫ
µν øφµν := BǫD
ǫ
µν
χµν := Λ
α
µν|α ψµν := Ω
ǫ
µν|ǫ øχµν := T
α
µν||α øψµν := D
α
µν||α
ǫµν :=
1
2
(βµ|ν − βν|µ) θµν :=
1
2
(βµ|ν + βν|µ) øǫµν :=
1
2
(Bµ||ν − Bν||µ) øθµν :=
1
2
(Bµ||ν +Bν||µ)
kµν := γ
ǫ
αµ
γα
νǫ
− γǫ
µα
γα
ǫν
hµν := γ
ǫ
αµ
γα
νǫ
+ γǫ
µα
γα
ǫν
økµν := G
ǫ
αµ
Gα
νǫ
−Gǫ
µα
Gα
ǫν
øhµν := G
ǫ
αµ
Gα
νǫ
+Gǫ
µα
Gα
ǫν
σµν := γ
ǫ
αµγ
α
ǫν øσµν := G
ǫ
αµG
α
ǫν
ωµν := γ
ǫ
µαγ
α
νǫ øωµν := G
ǫ
µαG
α
νǫ
αµν := βµβν øαµν := BµBν
Due to the metricity condition in Theorem 3.3, one can use the metric tensor gµν
and its inverse gµν to perform the operations of lowering and raising tensor indices
under the h- and v- covariant derivatives relative to the canonical d-connection.
Thus, contraction with the metric tensor of the above fundamental tensors gives
the following table of scalars:
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Table 3: Summary of the fundamental scalars
Horizontal α := βµβµ θ := βµ|µ φ := βǫΩǫµµ ψ := Ωαµµ|α
ω := γǫµα γ
α
µǫ
σ := γǫα
µ γα
ǫµ
h := 2γαµǫ γ
ǫ
αµ
Vertical øα := BµBµ øθ := Bµ|µ øφ := BǫDǫµµ øψ := Dαµµ|α
øω := GǫµαG
α
µǫ
øσ := Gǫα
µGα
ǫµ
øh := 2GαµǫG
ǫ
αµ
In physical applications, second order symmetric tensors of zero trace have special
importance. For example, in the case of electromagnetism, the tensor characterizing
the electro-magnetic energy is a second order symmetric tensor having zero trace. So
it is of interest to search for such tensors. The Table below gives some of the second
rank tensors of zero trace.
Table 4: Summary of the fundamental tensors of zero trace
Horizontal Vertical
φµν + 2αµν øφµν + 2α¯µν
ψµν + 2θµν øψµν + 2øθµν
hµν + 2ωµν øhµν + 2øωµν
1
2 (φµν − ψµν) + θµν − αµν −
1
2gµνβ
α
e|α
1
2 (øφµν − øψµν) + øθµν − øαµν −
1
2gµνB
α
e||α
We now consider some useful second rank tensors which are not expressible in
terms of the fundamental tensors appearing in Table 2. Unlike the tensors of Table 2,
some of the tensors to be defined below have no horizontal and vertical counterparts.
To this end, let
Lµν := L
α
αµν = C
α
αǫR
ǫ
µν , Mµν := L
α
µαν = C
α
µǫR
ǫ
αν , Nµν := C
α
ǫµR
ǫ
αν , Fµν :=
◦
CαǫµR
ǫ
αν .
Then, clearly
Tµν := Mµν −Nµν = T
α
µǫR
ǫ
αν , Gµν := Mµν − Fµν = G
α
µǫR
ǫ
αν , Gµν − Tµν = G
α
ǫµR
ǫ
αν .
Finally, let T := gµνTµν and G := g
µνGµν . By the above, we have the following:
Symmetric second rank tensors: M(µν), N(µν), F(µν).
Skew-symmetric second rank tensors: M[µν], N[µν], F[µν], Lµν .
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6. Contracted curvatures and curvature scalars
It may be convenient, for physical reasons, to consider second rank tensors derived
from the curvature tensors by contractions. It is also of interest to reduce the number
of these tensors to a minimum which is fundamental (cf. Propositions 6.1 and 6.2).
Contracting the indices α and µ in the expressions obtained for the h- and v-
curvature tensors in Theorem 4.6, taking into account Corollary 4.5, we obtain
Proposition 6.1. Let R˜σν := R˜
α
ασν , R̂σν := R̂
α
ασν and
◦
Rσν :=
◦
Rαασν with similar
expressions for S˜σν , Ŝσν and
◦
Sσν . Then, we have
(a) R˜σν = βσ|ν − βν|σ + βǫΛ
ǫ
σν +BǫR
ǫ
σν ,
(b) S˜σν = Bσ||ν −Bν||σ +BǫT
ǫ
σν ,
(c) R̂σν =
1
2
R˜σν ,
(d) Ŝσν =
1
2
S˜σν ,
(e)
◦
Rσν =
◦
Sσν = 0.
Proposition 6.2. Let R˜µσ := R˜
α
µσα, R̂µσ := R̂
α
µσα and
◦
Rµσ :=
◦
Rαµσα with similar
expressions for S˜µσ, Ŝµσ and
◦
Sµσ. Then, we have
(a) R˜µσ = βσ|µ + C
α
ǫµR
ǫ
σα + L
α
σαµ + L
α
αµσ,
(b) S˜µσ = Bσ||µ,
(c) R̂µσ =
1
2
R˜µσ +
1
4
{βǫΛ
ǫ
σµ + Λ
ǫ
ασΛ
α
µǫ},
(d) Ŝµσ =
1
2
S˜µσ +
1
4
{BǫT
ǫ
σµ + T
ǫ
ασT
α
µǫ},
(e)
◦
Rµσ = βµ|σ − γ
α
µσ|α + βǫγ
ǫ
µσ − γ
α
µǫγ
ǫ
σα +G
α
µǫR
ǫ
ασ,
(f)
◦
Sµσ :=
◦
Sαµσα = Bµ||σ −G
α
µσ||α +BǫG
ǫ
µσ −G
α
µǫG
ǫ
σα.
Proposition 6.3. The following holds.
(a) R˜[µσ] =
1
2
{βσ|µ − βµ|σ}+ C
ǫ
ǫαR
α
µσ + C
ǫ
(ασ)R
α
ǫµ − C
ǫ
(αµ)R
α
ǫσ,
(b) R˜(µσ) =
1
2
{βσ|µ + βµ|σ + T
ǫ
αµR
α
σǫ + T
ǫ
ασR
α
µǫ},
(c) S˜[µσ] =
1
2
{Bσ||µ − Bµ||σ},
(d) S˜(µσ) =
1
2
{Bσ||µ +Bµ||σ},
(e) R̂[µσ] =
1
2
R˜[µσ] +
1
4
βǫ Λ
ǫ
σµ,
(f) R̂(µσ) =
1
2
R˜(µσ) +
1
4
Λǫασ Λ
α
µǫ,
(g) Ŝ[µσ] =
1
2
S˜[µσ] +
1
4
Bǫ T
ǫ
σµ,
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(h) Ŝ(µσ) =
1
2
S˜(µσ) +
1
4
T ǫασ T
α
µǫ,
(i)
◦
R[µσ] =
1
2
{Lααµσ +
◦
CασǫR
ǫ
αµ −
◦
CαµǫR
ǫ
ασ},
(j)
◦
R(µσ) =
1
2
{(βµ|σ + βσ|µ)− Ω
α
µσ|α + βǫΩ
ǫ
µσ} − γ
α
µǫ γ
ǫ
σα +
1
2
{GαµǫR
ǫ
ασ +G
α
σǫR
ǫ
αµ},
(k)
◦
S[µσ] = 0,
(l)
◦
S(µσ) =
1
2
{(Bµ||σ +Bσ||µ)−D
α
µσ||α +BǫD
ǫ
µσ} −G
α
µǫG
ǫ
σα.
Corollary 6.4. The following holds:
(a) R˜σσ := g
µσR˜µσ = β
σ
|σ + T
ǫσ
αR
α
ǫσ,
(b) S˜σσ := g
µσS˜µσ = B
σ
||σ,
(c) R̂σσ := g
µσR̂µσ =
1
2
{βσ |σ + T
ǫσ
αR
α
ǫσ}+
1
4
Λǫσα Λ
α
ǫσ,
(d) Ŝσσ := g
µσŜµσ =
1
2
Bσ ||σ +
1
4
T ǫσα T
α
ǫσ,
(e)
◦
Rσσ := g
µσ
◦
Rµσ = β
σ
|σ −
1
2
Ωασσ|α +
1
2
βαΩ
ασ
σ − γ
ασ
ǫ γ
ǫ
σα +G
ασ
ǫR
ǫ
ασ,
(f)
◦
Sσσ := g
µσ
◦
Sµσ = B
σ
||σ −
1
2
Dασσ||α +
1
2
BαD
ασ
σ −G
ασ
ǫG
ǫ
σα.
We now apply a different method for calculating both
◦
Rµσ and
◦
Sµσ, now expressed
in terms of the covariant derivative of the contorsion tensors with respect to the
Riemannian d-connection. Then we obtain
Proposition 6.5. The “Ricci” tensors
◦
Rµσ and
◦
Sµσ can be expressed in the form
(a)
◦
Rµσ = βµ o
|
σ − γ
α
µσ
o
|
α
− βǫγ
ǫ
µσ + γ
ǫ
µαγ
α
ǫσ +G
α
µǫR
ǫ
ασ.
(b)
◦
Sµσ = Bµ o
||
σ −G
α
µσ o
||
α
−BǫG
ǫ
µσ +G
ǫ
µαG
α
ǫσ.
Proof. We prove (a) only; the proof of (b) is similar.
We have
0 = Rαµσα = (δαΓ
α
µσ − δσΓ
α
µα) + (Γ
ǫ
µσΓ
α
ǫα − Γ
ǫ
µαΓ
α
ǫσ) +R
ǫ
σαC
α
µǫ
= δα(
◦
Γαµσ + γ
α
µσ)− δσ(
◦
Γαµα + γ
α
µα) + (
◦
Γǫµσ + γ
ǫ
µσ)(
◦
Γαǫα + γ
α
ǫα)
− (
◦
Γǫµα + γ
ǫ
µα)(
◦
Γαǫσ + γ
α
ǫσ) +R
ǫ
σαC
α
µǫ
=
◦
Rµσ − (δσγ
α
µα − γ
α
ǫα
◦
Γǫµσ) + (δαγ
α
µσ + γ
ǫ
µσ
◦
Γαǫα − γ
α
ǫσ
◦
Γǫµα
− γαµǫ
◦
Γǫσα) + R
ǫ
σα(C
α
µǫ −
◦
Cαµǫ) + γ
ǫ
µσγ
α
ǫα − γ
ǫ
µαγ
α
ǫσ.
Consequently,
◦
Rµσ = βµ o
|
σ − γ
α
µσ o
|
α − βǫγ
ǫ
µσ + γ
ǫ
µαγ
α
ǫσ +G
α
µǫR
ǫ
ασ. 
In view of Proposition 6.2 (e) and (f) and Proposition 6.5, we obtain
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Corollary 6.6. The following identities holds:
(a) (βµ|σ − βµ o
|
σ)− (γ
α
µσ|α − γ
α
µσ o
|
α
) = (γǫµαΩ
α
σǫ − 2βǫγ
ǫ
µσ)
(b) (Bµ||σ −Bµ o
||
σ)− (G
α
µσ||α −G
α
µσ o
||
α
) = (GǫµαD
α
σǫ − 2BǫG
ǫ
µσ).
The next two tables summarize the results obtained in this section, where the
contracted curvatures are expressed in terms of the fundamental tensors.
Table 5 (a): Second rank curvature tensors
Skew-symmetric Symmetric
Dual R˜[µσ] = ǫσµ − Lσµ +M[σµ] +N[σµ] R˜(µσ) = θµσ +M(µσ) −N(µσ)
S˜[µσ] = øǫσµ S˜(µσ) = øθµσ
Symmetric R̂[µσ] = 12 R˜[µσ] +
1
4ησµ R̂(µσ) =
1
2 R˜(µσ) +
1
4{hµσ − ωµσ − σµσ}
Ŝ[µσ] =
1
2 S˜[µσ] +
1
4øησµ Ŝ(µσ) =
1
2 S˜(µσ) +
1
4{øhµσ − øωµσ − øσµσ}
Riemannian
◦
R[µσ] =
1
2Lµσ − F[µσ]
◦
R(µσ) = θµσ −
1
2 (ψµσ − φµσ)− ωµσ +M(µσ) − F(µσ)
◦
S[µσ] = 0
◦
S(µσ) = øθµσ −
1
2 (øψµσ − øφµσ)− øωµσ
Table 5 (b): h- and v-scalar curvature tensors
h-scalar curvature v-scalar curvature
Dual R˜σσ = θ + T S˜
σ
σ = øθ
Symmetric R̂σσ =
1
2
(θ + T )− 1
4
(3ω + σ) Ŝσσ =
1
2
øθ − 1
4
(3øω + øσ)
Riemannian
◦
Rσσ = θ −
1
2
(ψ − φ)− ω +G
◦
Sσσ = øθ −
1
2
(øψ − øφ)− øω
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7. The W -tensors
The W -tensor was first defined by M. Wanas in 1975 [13] and has been used by
F. Mikhail and M. Wanas [6] to construct a geometric theory unifying gravity and
electromagnetism. Recently, two of the authors of this paper studied some of the
properties of this tensor in the context of the classical AP-space [15].
Definition 7.1. Let (M,λ) be a generalized AP-space. For a given d-connection
D = (Nαβ ,Γ
α
µν , C
α
µν), the horizontal W -tensor (hW -tensor) H
α
µνσ is defined by the
formula
λµ|νσ − λµ|σν = λǫH
ǫ
µνσ,
whereas the vertical W -tensor (vW -tensor) V αµνσ is defined by the formula
λµ||νσ − λµ||σν = λǫV
ǫ
µνσ,
where “ |” and “ ||” are the horizontal and the vertical covariant derivatives with
respect to the connection D.
We now carry out the task of calculating the different W -tensors. As opposed
to the classical AP-space, which admits essentially one W -tensor corresponding to
the dual connection, we here have 4 distinct W -tensors: the horizontal and vertical
W -tensors corresponding to the dual d-connection, the horizontal W -tensor corre-
sponding to the symmetric d-connection and, finally, the horizontal W -tensor corre-
sponding to the Riemannian d-connection. The remaining W -tensors coincide with
the corresponding curvature tensors.
It is to be noted that some of the expressions obtained for the W -tensors are
relatively more compact than those obtained for the corresponding curvature tensors.
Theorem 7.2. The hW-tensor H˜αµνσ, the vW-tensor V˜
α
µνσ, the hW-tensor Ĥ
α
µνσ and
the hW-tensor
◦
Hαµνσ corresponding to the dual, symmetric and the Riemannian
d-connections respectively can be expressed in the form:
(a) H˜αµνσ = Λ
α
σν|µ + Λ
ǫ
νσΛ
α
µǫ +Sµ,ν,σL
α
µσν .
(b) V˜ αµνσ = T
α
σν||µ + T
ǫ
νσT
α
µǫ.
(c) Ĥαµνσ =
1
2
(Λαµν|σ − Λ
α
µσ|ν) +
1
4
(ΛǫµνΛ
α
σǫ − Λ
ǫ
µσΛ
α
νǫ) +
1
2
(ΛǫσνΛ
α
ǫµ).
(d)
◦
Hαµνσ = γ
α
µν|σ − γ
α
µσ|ν + γ
ǫ
µσγ
α
ǫν − γ
ǫ
µνγ
α
ǫσ + Λ
ǫ
νσγ
α
µǫ.
Proof. We prove (a) only. The proof of the other parts is similar. We have
λǫH˜
ǫ
µνσ = λǫR˜
ǫ
µσν + λµe|ǫΛ˜
ǫ
σν + λµe||ǫR
ǫ
σν .
Hence, taking into account Theorem 4.6 (a), we obtain
H˜αµνσ = R˜
α
µσν +
i
λα(δǫ
i
λµ −
i
λβΓ
β
ǫµ)Λ˜
ǫ
σν +
i
λα(∂˙ǫ
i
λµ −
i
λβC
β
ǫµ)R
ǫ
σν
= R˜αµσν + Λ
ǫ
νσ(Γ
α
µǫ − Γ
α
ǫµ) +R
ǫ
σν(C
α
µǫ − C
α
ǫµ)
= Λασν|µ + C
α
ǫµR
ǫ
σν + L
α
σνµ + L
α
νµσ + Λ
ǫ
νσΛ
α
µǫ + T
α
µǫR
ǫ
σν
= Λασν|µ + T
α
ǫµR
ǫ
σν + C
α
µǫR
ǫ
σν + L
α
σνµ + L
α
νµσ + Λ
ǫ
νσΛ
α
µǫ + T
α
µǫR
ǫ
σν
= Λασν|µ + Λ
ǫ
νσΛ
α
µǫ +Sµ,ν,σL
α
µσν . 
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Proposition 7.3. Let H˜νσ := H˜
α
ανσ, Ĥνσ := Ĥ
α
ανσ and
◦
Hνσ :=
◦
Hαανσ with similar
expression for V˜νσ. Then, we have
(a) H˜νσ = βσ|ν − βν|σ + 2βǫΛ
ǫ
σν ,
(b) V˜νσ = Bσ||ν − Bν||σ + 2BǫT
ǫ
σν ,
(c) Ĥνσ =
1
2
{H˜νσ + βǫΛ
ǫ
νσ},
(d)
◦
Hνσ = 0.
Proposition 7.4. Let H˜µσ := H˜
α
µασ, Ĥµσ := Ĥ
α
µασ and
◦
Hµσ :=
◦
Hαµασ with similar
expressions for V˜µσ. Then, we have
(a) H˜µσ = βσ|µ + Λ
ǫ
ασΛ
α
µǫ +Sα,µ,σL
α
αµσ,
(b) V˜µσ = Bσ||µ + T
ǫ
ασT
α
µǫ,
(c) Ĥµσ =
1
2
H˜µσ +
1
4
(βǫΛ
ǫ
σµ + Λ
ǫ
σαΛ
α
µǫ),
(d)
◦
Hµσ = βµ|σ − γ
α
µσ|α + βǫγ
ǫ
µσ − γ
ǫ
σαγ
α
µǫ.
Proposition 7.5. The following holds:
(a) H˜[µσ] =
1
2
{βσ|µ − βµ|σ}+Sα,µ,σL
α
αµσ,
(b) H˜(µσ) =
1
2
{βσ|µ + βµ|σ}+ Λ
ǫ
ασΛ
α
µǫ,
(c) V˜[µσ] =
1
2
{Bσ||µ −Bµ||σ},
(d) V˜(µσ) =
1
2
{Bσ||µ +Bµ||σ}+ T
ǫ
ασT
α
µǫ,
(e) Ĥ[µσ] =
1
2
H˜[µσ] +
1
4
βǫΛ
ǫ
σµ,
(f) Ĥ(µσ) =
1
2
H˜(µσ) +
1
4
ΛǫσαΛ
α
µǫ,
(g)
◦
H [µσ] =
1
2
SαµσL
α
αµσ,
(h)
◦
H(µσ) =
1
2
{(βµ|σ + βσ|µ)− Ω
α
µσ|α + βǫΩ
ǫ
µσ} − γ
α
µǫγ
ǫ
σα.
Corollary 7.6. the following holds:
(a) H˜αα = β
α
|α + Λ
ǫµ
αΛ
α
ǫµ,
(b) V˜ αα = B
α
||α + T
ǫµ
αT
α
ǫµ,
(c) Ĥαα =
1
2
βα|α +
1
4
ΛǫµαΛ
α
ǫµ,
(d)
◦
Hσσ = β
σ
|σ −
1
2
Ωασσ|α +
1
2
βαΩ
ασ
σ − γ
ασ
ǫγ
ǫ
σα.
Taking into account Proposition 4.4, Theorem 7.2 and the Bianchi identity [4]
for the Riemannian d-connection, we get the following
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Proposition 7.7. The hW-tensors H˜αµνσ, Ĥ
α
µνσ,
◦
Hαµνσ and the vW-tensors V˜
α
µνσ satisfy
the following identities:
(a) Sµ,ν,σ H˜
α
µνσ = 2Sµ,ν,σ(Λ
α
µǫ Λ
ǫ
νσ + L
α
µσν).
(b) Sµ,ν,σ V˜
α
µνσ = 2Sµ,ν,σ(T
α
µǫ T
ǫ
νσ).
(c) Sµ,ν,σ Ĥ
α
µνσ = Sµ,ν,σ L
α
µσν .
(d) Sµ,ν,σ
◦
Hαµνσ = Sµ,ν,σ L
α
µσν .
We collect the results obtained in this section in the following tables, where the
contracted W -tensors are expressed in terms of the fundamental tensors.
Table 6 (a): Second rank W-tensors
Skew-symmetric Symmetric
Dual H˜[µσ] = ǫσµ − Lσµ + 2M[σµ] H˜(µσ) = θµσ − (ωµσ + σµσ − hµσ)
V˜[µσ] = ǫ¯σµ V˜(µσ) = θ¯µσ − (ω¯µσ + σ¯µσ − h¯µσ)
Symmetric Ĥ[µσ] = 12H˜[µσ] +
1
4ησµ Ĥ(µσ) =
1
2H˜(µσ) +
1
4{ωµσ + σµσ − hµσ}
Riemannian
◦
H [µσ] =
1
2Lµσ −M[µσ]
◦
H(µσ) = θµσ −
1
2 (ψµσ − φµσ)− ωµσ
Table 6 (b): Scalar W-tensors
h-scalar W-tensors v-scalar W-tensors
Dual H˜σσ = θ − (3ω + σ) V˜
σ
σ = θ¯ − (3ω¯ + σ¯)
Symmetric Ĥσσ =
1
2
θ − 1
4
(3ω + σ)
Riemannian
◦
Hσσ = θ −
1
2
(ψ − φ)− ω
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Concluding remarks
In the present article, we have developed a parallelizable structure in the con-
text of a generalized Lagrange space. Four distinguished connections, depending on
one non-linear connection, are used to explore the properties of this space. Different
curvature tensors characterizing this structure are calculated. The contracted
curvature tensors necessary for physical applications are given and compared (Tables
5(a)). The traces of these tensors are derived and compared (Table 5(b)). Finally,
the different W -tensors with their contractions and traces are also derived (Tables
6(a) and 6(b)).
On the present work, we have the following comments and remarks:
1. Existing theories of gravity suffer from some problems connected to recent
observed astrophysical phenomena, especially those admitting anisotropic
behavior of the system concerned (e.g. the flatness of the rotation curves of
spiral galaxies). So, theories in which the gravitational potential depends on
both position and direction are needed. Such theories are to be constructed
in spaces admitting this dependence. This is one of the aims motivating the
present work.
2. Among the advantages of the AP-geometry are the ease in calculations and the
diverse and its thorough applications. In this work, we have kept as close as
possible to the classical AP-case. However, the extra degrees of freedom in our
GAP-geometry have created an abundance of geometric objects which have no
counterpart in the classical AP-geometry. Since the physical meaning of most of
the geometric objects of the classical AP-structure is clear, we hope to attribute
physical meaning to the new geometric objects appearing in the present work,
especially the vertical quantities.
3. Due to the wealth of the GAP-geometry, one is faced with the problem of choos-
ing geometric objects that represent true physical quantities. As a first step to
solve this problem, we have written all second order tensors in terms of the
fundamental tensors defined in section 5. This is done to facilitate comparison
between these tensors and to be able to choose the most appropriate for physical
application. The same procedure has been used for scalars.
4. The paper is not intended to be an end in itself. In it, we try to construct a
geometric framework capable of dealing with and describing physical phenom-
ena. The success of the classical AP-geometry in physical applications made us
choose this geometry as a guide line.
The physical interpretation of the geometric objects existing in the GAP-
geometry and not in the AP-geometry will be further investigated in a forth-
coming paper.
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